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Algebraization of a Cartier divisor
Dmitry Trushin
Abstract
We extend to pairs classical results of R. Elkik on lifting of homomor-
phisms and algebraization. In particular, we establish algebraization of an
affine rig-smooth formal variety with a rig-smooth closed subvariety. This
solves affirmatively a problem raised by M. Temkin and has applications
to desingularization theory.
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Introduction
Motivation
In a fundamental work [1], Artin studied how various algebraic structures over
the completion or henselization of a ringA along an idealm can be approximated
with a structure over A. Some his results were extended in a fundamental paper
of Elkik [3]. In particular, Elkik studied approximation and algebraization of
rig-smooth schemes and formal schemes defined over a complete or henselian
ring. Note also that very recently several constructions of [3] were clarified and
simplified by Gabber and Ramero in [4, Chapter 5].
The results of [3] have various important applications in algebraic geometry
and related fields. They are especially useful when one wants to reduce questions
about general schemes to the case of varieties. One of such applications is res-
olution of singularities of quasi-excellent schemes, see [8] and [9]. However, the
reliance of the latter papers on [3] imposed some restrictions due to the fact that
a basic datum involved in the strongest desingularization results (often referred
to as embedded desingularization) is rather complicated, and its algebraization
is not covered by [3]. This raised a natural quest for extending the results of [3]
to more complicated algebraic structures. For example, in the end of [8, §1.1]
Temkin noted that probably Elkik’s algebraization of rig-smooth formal schemes
can be extended to pairs consisting of a rig-smooth formal scheme and a rig-snc
divisor. In this paper, we explore a slightly different direction. We consider
only a rig-smooth formal subscheme but do not restrict its codimension. Our
results will be used by Temkin to establish strong embedded desingularization
of quasi-excellent schemes of characteristic zero.
The method, results, and relation to [3]
Our main goal is to prove Theorem 49, which is a natural generalization of [3,
Theorem 7] to rig-smooth pairs. It should be noted that by loc.cit. we can
algebraize the scheme and its subscheme independently, and it is also not diffi-
cult to obtain a morphism between the algebraizations. The main difficulty is
to guarantee that the connecting homomorphism of rings is surjective (i.e. the
morphism of schemes is a closed immersion). In order to prove this, we have to
generalize almost all essential results of [3]. Here is the list of them:
• Theorem 26 shows the lifting property with values in completions for a
pair of rig-smooth algebras. It generalizes Theorem 1.
• Theorem 28 shows that every homomorphism of a pair of rig-smooth al-
gebras to a pair of completions can be approximated by a homomorphism
to a pair of henselizations. It generalizes Theorem 2 bis.
• Theorem 32 shows the lifting property with values in henselizations for
a pair of rig-smooth algebras. It generalizes Theorem 2 and is just an
equivalent form of Theorem 28.
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• Theorem 42 shows that every surjective homomorphism of modules being
projective over the complement of V (a) is algebraizable. It generalizes
Theorem 3.
• Theorem 25 shows the lifting property for a pair of modules. It generalizes
Lemma on page 572.
• Theorem 51 is a corollary of Theorem 49. It shows that every rig-smooth
Cartier divisor on a rig-smooth affine formal scheme is algebraizable.
We also added Proposition 38, whose analogue does not appear in [3] but can
be found in [9, Prop. 3.3.1].
It should be noted that Gabber and Ramero introduce a different Jacobian
ideal than the one used in [3]. Set-theoretically, it defines the same set of non-
smooth points on a scheme but it is more flexible from the scheme-theoretic
point of view. In our paper, we use the Gabber-Ramero ideal because it allows
us to avoid computation at all and speak on the language of diagrams.
In the text, we have several restrictions. One of them is the number of
generators for the defining ideal a. From the one hand, this restriction is es-
sential only in Proposition 45, because the original result from [3] also has this
restriction and we use it in our proof. From the other hand, for the sake of
simplification, we intentionally write all other results in the paper in the case of
the principal ideal. Using the same induction trick as used in [3], one can easily
extend the results to the general case.
In our statements, we pay attention to different numerical parameters of
homomorphisms liftings. One of the most important is the number h such that
ah ⊆ H¯B/A. This number is called a conductor in [9]. However, we usually
take sums of maximums of conductors in situations when one can use just the
sums of them. A careful reading of the proofs may give slightly more general
statements than we proved but this is not our main aim.
General plan of the proof of Theorem 49
In a sense, we directly generalize the proof of [3, Theorem 7] with some technical
simplifications. We start with a henselian pair (A, a), where a = (t) ⊆ A is a
principal ideal. Then the problem is to algebraize a surjective homomorphism
B → B¯ of formally finitely generated Â-algebras being formally smooth over the
complement of V (a). We solve the problem in two steps. The first one is to show
the result in a particular case, when we can compute everything explicitly. The
second step is to reduce of the general case to this one. The reduction is done
by algebraization of a pair of modules being projective over the complement of
V (a). Now, let us describe the two steps with more details.
Step 1 If we want to algebraize B = Â{X}/J , where J = (g1, . . . , gk, e), we
can find some g01 , . . . , g
0
k, e
0 ∈ A[X ] such that
gi ≡ g
0
i (mod a
n) and e ≡ e0 (mod an).
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If e is an idempotent modulo gi and gi form a basis of (J/J
2)t (this deter-
mines our special case), we automatically get that B0 = A[X ]/(g01, . . . , g
0
k, e
0) is
smooth and, if n was sufficiently large, we automatically derive from this that
B and B̂0 are isomorphic. In order to find such g0i and e
0, we write down the
equation saying that e is an idempotent modulo gi and solve this equation using
lifting Theorem 2 of [3].
If we want to algebraize a pair of algebras given by J ⊆ J¯ ⊆ Â{X} with
B = Â{X}/J and B¯ = Â{X}/J¯, we should pose the condition above on both
ideals J and J¯ and also add another restriction: we should have an isomorphism
of the following form
(J/J2)⊗B B¯t = (J¯/J¯
2)t ⊕D
where D is B¯t-free. Then we can also write down an explicit system of equations
on the generators of J and J¯ and find its solution due to Theorem 2 of [3].
Step 2 In order to reduce an arbitrary case to the particular one, we should
replace the quotient homomorphism B → B¯ by homomorphisms of the form
SB{J/J
2} → SB¯{J¯/J¯
2} and B{X} → B¯. Using separated Ka¨hler differentials,
one can show that the reduction is always possible. In order to come back to
the initial algebras, it is enough to algebraize a pair of modules P → P¯ , where
Pt and P¯t are projective Bt and B¯t-modules, respectively (one of the steps
uses P = J/J2 and P¯ = J¯/J¯2). The case of modules is easer because we can
replace, say P , by the beginning of its free resolution Bm
L
−→ Bn → P . Then
we manipulate with finite set of matrices like L and similar ones.
Structure of the paper
In the first section, we fix some terminology and notation. In Section 2, we
combine ideas of [4] with [3] and provide scheme-theoretic basis for our needs.
Section 3 is devoted to lifting theorems for modules and algebras. This is a
technical core of the paper. Approximation of pairs of henselizations and pairs
of complete algebras is considered in Section 4. In the final section, we prove
our main result that is Theorem 49 and its corollary – Theorem 51.
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1 Conventions
Through out the text we assume that our rings are associative, commutative
and with an identity element. We also suppose that all our rings are Noetherian.
If we are given a ring A with an ideal a and an e´tale homomorphism A → B.
We will say that B is strictly e´tale if A/ a = B/ aB. The pair (A, a) is said
to be henselian if, for every strictly e´tale homomorphism ν : A → B, there is a
homomorphism µ : B → A such that µ ◦ ν = IdA.
If A is an arbitrary ring and a ⊆ A is an arbitrary ideal, we define the
following ring
Ah = lim
−→
{B | A→ B is strictly e´tale}
The ring Ah is called the henselization of A with respect to a. The completion
of a ring A with a-adic topology will be denoted by Â.
For any finite set x = {x1, . . . , xn}, the rings A[x], A[x]
h, and A{x} denote
the ring of polynomials, its henselization with respect to a[x], and the completion
in a[x]-adic topology, respectively. Every derivation ∂i = ∂/∂xi of the ring A[x]
uniquely extends to derivations in A[x]h and A{x} and its extensions will be
denoted by the same name ∂i. If we are given elements f1, . . . , fn ∈ R, where R
is either A[x], A[x]h, or A{x}, then △m(f1, . . . , fn) will be the ideal generated
by all m-minors of the matrix (∂jfi).
For any ring A the category of A-modules will be denoted by A−mod and
the category of finite A-modules by A−mod0.
Let again A be a ring and a ⊆ A is an arbitrary ideal. We supply every
A-module with a-adic topology. In this case, for every A-module M , every
derivation d : A→M is continuous. Now, assume that A is a-adically complete.
We will say that an A-algebra B is formally finitely generated if there is a dense
finitely generated A-algebra. In other words, B is a quotient of A{x} for some
finite set x. Let us note, that every formally finitely generated A-algebra is
complete and separated by definition. Moreover, every finitely generated module
over B is complete and separated.
Suppose that a formally finitely generated algebra B is presented as follows
B = A{x1, . . . , xn}/J, where J = (f1, . . . , fq)
and for some natural p, we are given (α) = (α1, . . . , αp), where
1 6 α1 < . . . < αp 6 q
we define the following ideals of the ring A{x1, . . . , xn}: the ideal ∆(α) is the
ideal generated by the q-minors of the matrix (∂fαi/∂xj)αi∈(α),j∈[1,n], the ideal
Jα is the ideal generated by fαi with αi ∈ α. Then we define HJ ⊆ B as the
image of the ideal
∑
α∆(α)(Jα : J).
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2 Scheme-Theoretic support
2.1 The support of singularities
2.1.1 Smoothness
Let A be a ring, B is an A-algebra, and N is a B-module. Recall that an
extension E = (D, ε, i) of B by N is the following exact sequence
E : 0→ N
i
−→ D
ε
−→ B → 0
where D is an A-algebra, ε is a homomorphism of A-algebras, i(N) = ker ε is
a square zero ideal such that the action of B on N = N/N2 coincides with the
initial action on N . The two such extensions E = (D, ε, i) and E′ = (D′, ε′, i′)
are said to be isomorphic if there is an A-isomorphism ψ : D → D′ inducing the
identity maps on N and D. Morphisms between two extensions are defined in
the obvious way.
Recall that, for any extension E = (D, ε, i), any A-algebras homomorphism
φ : B′ → B, and any B-module homomorphism ξ : N → M , there are unique
extensions Eφ and ξE such that the following diagrams are commutative
Eφ : 0 // N // D′ //

B′ //

0
E : 0 // N
i // D
ε // B // 0
and
E : 0 // N //
ξ

D //

B // 0
ξE : 0 // M // D′′ // B // 0
The set of all extensions of B by N will be denoted by EA(B,N). It is
an abelian group with respect to the Baer sum and the multiplication by the
elements of B gives a structure of a B-module. Now, we can define the following
ideal
HB/A =
⋂
N∈B−mod
annB (EA(B,N))
Note that, if we say that B is smooth A-algebra, we do not necessarily
assume that B is finitely generated. We do not need this finiteness condition
to describe the properties of the ideal HB/A. However, in all applications this
condition will be assumed and explicitly stated.
In [3, Section 0.2], another ideal is used instead of HB/A. The ideal HB/A
was introduced in [4, Chapter 5, Section 5.4] in a slightly different way. Due
to Gabber’s ideal, we can significantly simplify computational part of methods
used in [3].
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Lemma 1. Let A be a ring, R be a smooth A-algebra, J an ideal of R, and B
is an A-algebra such that the following sequence is exact
0→ J → R→ B → 0
Then the natural map
⊕ξ EA(B, ξ) :
⊕
ξ∈HomB(J/J2,N)
EA(B, J/J
2)→ EA(B,N)
is surjective.
Proof. Consider the following commutative diagram
0 // J //
ξ
✤
✤
✤ R
//
φ
✤
✤
✤ B
// 0
E : 0 // N // D // B // 0
where the exact sequence E is an element of EA(B,N) and we are going to
produce the dotted lines. Since R is A-smooth, there is an A-lifting φ : R→ D
of the identity map IdB. Then ξ is the restriction of φ on J . Since N
2 = 0,
φ(J2) = 0. Therefore, we have the following commutative diagram
T : 0 // J/J2 //
ξ¯
✤
✤
✤
R/J2 //
φ¯
✤
✤
✤
B // 0
E = ξ¯T : 0 // N // D // B // 0
where φ¯ and ξ¯ are the maps induced by φ and ξ, respectively. Hence, the element
E belongs to the image of EA(B, ξ¯).
Corollary 2. Let A be a ring, R a smooth A-algebra, J an ideal of R, and B
is an A-algebra such that the following sequence is exact
0→ J → R→ B → 0
Then
HB/A = annB
(
EA(B, J/J
2)
)
.
Lemma 3. Let A be a ring, R a smooth A-algebra, J an ideal of R, and B is
an A-algebra such that the following sequence is exact
0→ J → R→ B → 0
Then we have
HB/A = annB(HomB(J/J
2, J/J2)/DerA(R, J/J
2))
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Proof. By Corollary 2, we have
HB/A = annB
(
EA(B, J/J
2)
)
.
Let x ∈ B be an arbitrary element, we can write the following commutative
diagram
T : 0 // J/J2 //
x

R/J2 //

B // 0
xT : 0 // J/J2 // D // B // 0
The element x belongs HB/A if an only if xT = 0. The latter means xT splits.
In other words, the multiplication by x extends to an A-derivation
d : R/J2 → J/J2.
Since J/J2 is a module over R/J = B,
DerA(R/J
2, J/J2) = DerA(R, J/J
2).
The ideal HB/A describes A-smoothness in the following sense.
Lemma 4. Let A be a ring, and B a finitely generated A-algebra. Then, for
every prime ideal p ⊆ B, Bp is A-smooth if and only if HB/A * p.
Proof. See Lemma 5.4.2 (ii) of [4, Chapter 5, Section 5.4].
2.1.2 Separated differentials
Let A be a ring and a ⊆ A is an arbitrary ideal such that A is a-adically
complete. Let B is a formally finitely generated A-algebra. We denote by ΩsB/A
the Hausdorff quotient of ΩB/A. Then Ω
s
B/A becomes a finite B-module. In
particular, ΩsB/A = Ω̂B/A. If B = A{x} is a ring of convergent series, the
module ΩsA{x}/A is a free module with generators dx. In our particular case,
(20.7.17) and (20.7.20) of [5] gives the following results.
Proposition 5 (The first fundamental sequence). Let A be a topological ring,
B → C is a homomorphism of formally finitely generated A-algebras, then
1. the following sequence is exact
ΩsB/A ⊗B C → Ω
s
C/A → Ω
s
C/B → 0
2. the sequence is split exact if and only if, for every finite B-module N , any
derivation from B to N over A extends to a derivation from C to N .
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Proposition 6 (The second fundamental sequence). Let A be a topological ring,
B → C is a topologically surjective homomorphism of topological A-algebras with
the kernel J . Then
1. the following sequence is exact
J/J2 → ΩsB/A ⊗B C → Ω
s
C/A → 0
2. the sequence is split exact if and only if the following sequence splits
0→ J/J2 → B/J2 → C → 0
2.1.3 Formal smoothness
Let A be a ring, a ⊆ A is an ideal such that A is a-adically complete. Let B be
a formally finitely generated A-algebra, then we define
H¯B/A =
⋂
M∈B−mod0
annB(EA(B,M))
We will say that algebra B is formally smooth over the complement of V (a) if
a ⊆ r(HB/A).
Lemma 7. Let A be a ring, a ⊆ A is an ideal such that A is a-adically complete,
B is formally finitely generated A-algebra, and N is a finite B-module. Assume
that R is the completion of a smooth finitely generated A-algebra R0 such that
0→ J → R→ B → 0
Then the natural map⊕
ξ∈HomB(J/J2,N)
EA(B, J/J
2)
⊕EA(B,ξ)
−→ EA(B,N)
is surjective.
Proof. Let N be an arbitrary finitely generated B-module and
0→ N → D → B → 0
is an element of EA(B,N). Since B and N are Noetherian, the ring D is also
Noetherian. Moreover, B is a-adically complete by definition and N is finitely
generated B-module, thus, N is also a-adically complete. Since D is Noetherian
a-adic topology from D induces a-adic topology on N . Since completion is an
exact functor, we see that D is complete.
Now, consider the following diagram
R0 //
  ❆
❆❆
❆❆
❆❆
❆
φ
✤
✤
✤ B
D // B // 0
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where φ is a lifting of the homomorphism from R0 to B. It exists because of
A-smoothness of R0. But D is complete, therefore, there is a unique extension
φ̂ of φ to R. Moreover, since φ̂ is a lifting, it maps J2 to zero. Now, we have
the following diagram
0 // J/J2 //
ξ

R/J2 //
ϕ

B // 0
0 // N // D // B // 0
where ϕ is the homomorphism induced by φ̂, and ξ is the restriction of ϕ to
J/J2. The rest of the proof is a word by word repetition of the end of the proof
of Lemma 1.
Corollary 8. Let A be a ring, a ⊆ A is an ideal such that A is a-adically
complete, and B is a formally finitely generated A-algebra. Assume that R is
the completion of a smooth finitely generated A-algebra R0 such that
0→ J → R→ B → 0
Then
H¯B/A = annB(EA(B, J/J
2)).
Lemma 9. Let A be a ring, a ⊆ A is an ideal such that A is a-adically com-
plete, and B is a formally finitely generated A-algebra. Assume that R is the
completion of a smooth finitely generated A-algebra R0 such that
0→ J → R→ B → 0
Then
H¯B/A = annB
(
HomB(J/J
2, J/J2)/DerA(B, J/J
2)
)
Proof. By Corollary 8, we have
H¯B/A = annB
(
EA(B, J/J
2)
)
.
Let x ∈ B be an arbitrary element, we can write the following commutative
diagram
T : 0 // J/J2 //
x

R/J2 //

B // 0
xT : 0 // J/J2 // D // B // 0
The element x belongs H¯B/A if an only if xT = 0. The latter means xT splits.
In other words, the multiplication by x extends to an A-derivation
d : R/J2 → J/J2.
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Since J/J2 is a module over R/J = B,
DerA(R/J
2, J/J2) = DerA(R, J/J
2).
Lemma 10. Let A be a ring, a ⊆ A is an ideal, B is a finitely generated
A-algebra. Then
HB/AB̂ = HB/A ⊗B B̂ = H¯B̂/Â
Proof. Consider an arbitrary exact sequence
0→ J → A[x]→ B → 0
where x = {x1, . . . , xn} is a finite set of indeterminates. Then, by Lemma 3,
HB/A = annB
(
HomB(J/J
2, J/J2)/HomB(ΩA[x]/A ⊗A[x] B, J/J
2)
)
Since J/J2, ΩA[x]/A ⊗A[x] B are finitely generated B-modules and B̂ is a flat
B-module, then
HB/AB̂ = HB/A ⊗B B̂ =
= annB̂
(
HomB̂(Ĵ/Ĵ
2, Ĵ/Ĵ2)/HomB̂(Ω
s
Â{x}/Â
⊗Â{x} B̂, Ĵ/Ĵ
2)
)
=
= annB̂
(
HomB̂(Ĵ/Ĵ
2, Ĵ/Ĵ2)/DerÂ(B̂, Ĵ/Ĵ
2)
)
=
= H¯B̂/Â
The latter equality holds because of Lemma 9.
Remark 11. Lemma 10 shows that if an Â-algebra B¯ is a completion of a finitely
generated A-algebra being smooth over the complement of V (a), then B¯ is
formally smooth over the complement of V (â). So, the condition of formal
smoothness is necessary for algebraization of an Â-algebra B¯ by a smooth A-
algebra.
Lemma 12. Let A be a ring a ⊆ A is an ideal such that A is a-adically complete,
and B is a formally finitely generated A-algebra presented in the following form
B = A{x1, . . . , xn}/J, where J = (f1, . . . , fq)
Then
HJ ⊆ H¯B/A and r(HJ ) = r(H¯B/A)
Proof. The proof of the inclusion HJ ⊆ H¯B/A is a word by word repetition of
the proof of Lemma 5.4.6 of [4], where we should use Ωs instead of Ω.
To proof coincidence of the radicals, it is enough to show that, if a prime ideal
p ⊆ B does not contain H¯B/A, then it does not contain HJ . Let t ∈ H¯B/A \ p.
11
Then the map J/J2 → J/J2 given by x 7→ tx lifts to a derivation A{x} → J/J2
be definition. In particular, the sequence
0→ Jp/J
2
p → Ω
s
A{x}/A ⊗A{x} Bp → (Ω
s
B/A)p → 0
is split exact. Since Bp is local and f1, . . . , fq generate J , after reordering fi, we
may assume that, for some k, images of f1, . . . , fk form a basis of Jp/J
2
p . Since
Bp does not contain idempotents except 0 and 1, elements f1, . . . , fk generate
Jp. In particular, there exists an element t ∈ B \ p such that tJ ⊆ (f1, . . . , fk).
Since Bp is local, after reordering of xi, we may assume that
df1, . . . , dfk, dxk+1, . . . , dxn
is a basis of
ΩsA{x}/A ⊗A{x} Bp
because dxi are generators, and the set df1, . . . , dfk is a basis of a direct sum-
mand. Hence the element h = det(∂fi/∂xj)i,j6k is invertible in Bp, thus, is not
in p. Therefore, the element ht is not in p and belongs to HJ .
Remark 13. In particular, the notion of formal smoothness used in [3, Sec-
tion III.4] coincides with the one used in this paper. Hence we can formally cite
results from [3].
2.2 The support of non-projectivity
In this section, we define an analogue of the Gabber’s ideal for modules. This
ideal is used instead of the Fitting ideal to algebraize finite modules. It describes
points where our module is not projective.
Let A be a ring and P is an arbitrary A-module. Then we define the ideal
HP by the formula
HP =
⋂
M∈A−mod
annA
(
Ext1A(P,M)
)
Lemma 14. Let A be a ring and we are given an exact sequence of A-modules
0→ K → F0 → P → 0
where F0 is projective. Then the map
⊕g Ext
1
A(P, g) :
⊕
g∈HomA(K,M)
Ext1A(P,K)→ Ext
1
A(P,M)
is surjective.
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Proof. Consider the following projective resolution for P
F2
d2 // F1
ξ

// F0 // P // 0
0 // K // F0 // P // 0
where K is the cokernel of d2 and ξ is the corresponding quotient homomor-
phism. The map ξ corresponds to an element ξ¯ in Ext1A(P,K). Let ϕ : F1 →M
be a homomorphism corresponding to some element ϕ¯ of Ext1A(P,M), then, by
definition of ξ, there is a homomorphism g : K →M such that g ◦ ξ = ϕ. Thus,
the element ϕ¯ belongs to the image of Ext1A(P, g).
Corollary 15. Let A be a ring and we are given an exact sequence of A-modules
0→ K → F0 → P → 0,
where F0 is projective. Then
HP = annA
(
Ext1A(P,K)
)
.
Corollary 16. Let A be a ring and P a finite A-module, then
HP =
⋂
M∈A−mod0
annA
(
Ext1A(P,M)
)
.
The following proposition explains the geometric meaning of the ideal HP .
Proposition 17. Let A be a ring, P a finite A-module, and p ⊆ A is a prime
ideal. Then HP * p if and only if Pp is projective Ap-module.
Proof. Suppose that HP * p and let t ∈ HP \ p. Consider some exact sequence
0 → K → F → P → 0, where F is a finite free A-module. By the definition
of HP , the homomorphism t : K → K lifts to a homomorphism F → K. After
the localization by p, the multiplication by t becomes an isomorphism. So, the
sequence 0→ Kp → Fp → Pp → 0 splits.
Conversely, suppose Pp is projective. By Corollary 15, it is enough to show
that there is an s /∈ p such that s : K → K lifts to a homomorphism F → K.
Since the sequence 0 → Kp → Fp → Pp → 0 splits, there is a splitting map
ψ : Fp → Kp. The module F is finite, hence, there is an element s /∈ p such that
sψ : F → K is a well-defined lifting of s : K → K.
Proposition 18. Let A be a ring, a ⊆ A is an ideal such that A is a a-
adically complete ring, and B is a formally finitely generated A-algebra. Then
H¯B/A ⊆ HΩsB/A .
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Proof. We represent our algebra B as the following quotient
0→ J → A{x} → B → 0
where x = {x1, . . . , xn} is a finite set of indeterminates. By the second funda-
mental sequence, we have
0 // K // J/J2 // ΩsA{x}/A ⊗A{x} B
// ΩsB/A
// 0
Then by Lemmas 3 and 9, we have
EA
(
B, J/J2
)
= HomB
(
J/J2, J/J2
)
/HomB
(
ΩsA{x}/A ⊗A{X} B, J/J
2
)
Ext1B
(
ΩsB/A, J/J
2
)
= HomB
((
J/J2
)
/K, J/J2
)
/HomB
(
ΩsA{x}/A ⊗A{x} B, J/J
2
)
Hence, the inclusion
Ext1B
(
ΩB/A, J/J
2
)
⊆ EA
(
B, J/J2
)
holds. Therefore, we have
H¯B/A = annB
(
EA
(
B, J/J2
))
⊆ annB
(
Ext1B
(
ΩsB/A, J/J
2
))
= HΩs
B/A
Remark 19. Similarly to the proof of Proposition 18, one can show the following
statement. If A is a ring and B is a finitely generated A-algebra, then
HB/A ⊆ HΩB/A
But we will not need this fact.
3 Lifting of pairs of homomorphisms
3.1 Lifting of module homomorphisms
Lemma 20. Let A be a ring, a = (t) ⊆ A a principal ideal, and we are given
an exact sequence of A-modules
0→ K →M
ϕ
−→ N → 0
Let ϕn be the restriction of ϕ on a
nM and ϕd is the induced map fromM/ adM →
N/ adN . Suppose that, for some natural number c and for all n > c, we have
the following family of exact sequences
0→ an−c Pn → a
nM
ϕn
−→ anN → 0,
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where Pn ⊆ kerϕ. Then, for every pair (n, d) with n 6 d, we also have the
following family of exact sequences
0→ an−c P dn → a
nM/ adM
ϕdn−→ anN/ adN → 0,
where ϕdn is the induced by ϕ map and P
d
n ⊆ kerϕ
d
n.
Moreover, if for any two pairs (n, d) and (n′, d′) such that n > n′ and d > d′,
Pn ⊆ Pn′ , the corresponding quotient map induces a well-defined map P
d
n → P
d′
n′ .
Proof. We define P dn as the image of Pn under the corresponding quotient map.
Now, consider an element p of the kernel of ϕdn. By definition, p = t
na, where
a ∈M . Then ϕd(tna) = 0 in N/ adN . Hence
ϕ(tna) = tdh = tdϕ(b).
Therefore, ϕ(tna− tdb) = 0. By the hypothesis, the element k = tn(a− td−nb)
can be presented as tn−cr, where r ∈ Pn. So, we have p = t
n−cr inM/ adM .
Lemma 21. Let A be a ring, a = (t) ⊆ A a principal ideal, and we are given
the following exact sequence of A-modules
0→ R→M
ϕ
−→ N → 0
Let r and c be integral numbers such that
1. arM ∩ annM (t) = 0;
2. anM ∩R = an−c(acM ∩R) for all n > c.
Let k, n, and h be a triple of integral numbers satisfying the conditions
k > n, n > c+ h, n > r + h.
On the following diagram, ϕn,k is the map induced by ϕ and Rn,k is its kernel
0→ Rn,k → a
nM/ akM
ϕn,k
−→ anN/ akN → 0
Suppose also that the following diagram with solid arrows only is given
Rn,k
ν // Rn−h,k
µ // Rn−h,k−h
Ad
Q // Ap
g
OO
thg′
44✐✐✐✐✐✐✐✐✐✐
where ν and µ are the natural maps, and we have gQ = 0. Then there exists a
homomorphism
g′ : Ap → Rn−h,k−h
such that g′Q = 0 and µ ◦ ν ◦ g = thg′.
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Proof. Firstly, by Lemma 20, Rn,k = a
n−c R˜n,k, where R˜n,k ⊆ kerϕn,k. Thus,
we have the following diagram
an−c R˜n,k
ν // an−h−c R˜n−h,k
µ // an−h−c R˜n−h,k−h
Ad
Q // Ap
g
OO
Hence, we have an equality ν ◦ g = thf¯ for some f¯ : Ap → an−h−c R˜n−h,c. Its
lifting Ap → an−hM will be denoted by f .
We will show that µ ◦ f¯ ◦ Q = 0. Let q1, . . . , qd be the generators of the
image of Q. Then, we know that
thf¯(qi) = 0 in a
n−hM/ akM.
Hence, for some mi ∈M , we have
thf(qi) = t
kmi in M.
Thus,
th(f(qi)− t
k−hmi) = 0 in M.
By the definition of f , the elements f(qi) − t
k−hmi belong to a
n−hM ⊆ arM .
By the definition of r, we have
f(qi) = t
k−hmi in M.
And thus
µ ◦ f¯(qi) = 0 in a
n−hM/ ak−hM.
Corollary 22. Let A be a ring, a = (t) ⊆ A a principal ideal, and M is an
A-module. Let r, n, k, and h be natural numbers such that
1. arM ∩ annM (t) = 0;
2. k > n and n > r + h.
Assume also that the following diagram with solid arrows only is given
anM/ akM
ν // an−hM/ akM
µ // an−hM/ ak−hM
Ad
Q // Ap
g
OO
thg′
22❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢
where ν and µ are the natural maps, and we have gQ = 0. Then there exists a
homomorphism
g′ : Ap → an−hM/ ak−hM
such that g′Q = 0 and µ ◦ ν ◦ g = thg′.
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Proof. We should take N = 0 in Lemma 21. Just note that, in this case,
c = 0.
Lemma 23. Let A be a ring, a = (t) ⊆ A a principal ideal, we are given the
following exact sequence of A-modules
0→ R→M
ϕ
−→ N → 0
and P is a finite A-module such that ah ⊆ HP . Let r and c be integral numbers
such that
1. arM ∩ annM (t) = 0;
2. anM ∩R = an−c(acM ∩R) for all n > c.
Let k and n be a pair of integers such that
k > n, n > c+ h, n > r + h.
On the following diagram, ϕn,k is the map induced by ϕ and Rn,k is its kernel
0→ Rn,k → a
nM/ akM
ϕn,k
−→ anN/ akN → 0
Then, on the following diagram, for every homomorphism ψ, there exists a
homomorphism ψ′ such that the diagram is commutative
an−hM/ ak−hM
ϕn−h,k−h // an−hN/ ak−hN
P
ψ //
ψ′
OO✤
✤
✤
anN/ akN
OO
Proof. We take an arbitrary finite resolution of P of the form
. . .→ Ad
Q
−→ Ap → Aq → P → 0
Then, the homomorphism ψ extends to a homomorphism of the resolution as
follows
0 // Rn−h,k−h
i // an−hM/ ak−hM // an−hN/ ak−hN // 0
0 // Rn−h,k //
µ
OO
an−hM/ akM //
µ¯
OO
an−hN/ akN //
OO
0
0 // Rn,k //
ν
OO
anM/ akM //
ν¯
OO
anM/ akN //
OO
0
Ad
Q // Ap //
g
OO✤
✤
✤
thg′
AA
Aq //
f
OO✤
✤
✤
g¯
WW
P //
ψ
OO
ψ′
\\
0
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On this diagram, arrows µ, ν, µ¯, and ν¯ are the natural maps. Now, we will
produce the dotted arrows.
By Lemma 21, there is a homomorphism g′ : Ap → Rn−h,k−h such that
g′ ◦Q = 0 and µ ◦ ν ◦ g = thg′. Since th ∈ HP , the homomorphism µ ◦ ν ◦ g lifts
to a homomorphism g¯ : Ap → Rn−h,k−h. Now, the homomorphism
µ¯ ◦ ν¯ ◦ f − i ◦ g¯ : Ap → an−hM/ ak−hM
induces the required one ψ′ : P → an−hM/ ak−hM .
Lemma 24. Let A be a ring, a = (t) ⊆ A a principal ideal, M is an A-module,
and P is a finite A-module such that ah ⊆ HP . Let r, n, and k be natural
numbers such that
1. arM ∩ annM (t) = 0;
2. k > n+ h and n > r + h.
Then, on the following diagram, for every homomorphism ψ, there exists a
homomorphism ψ′ such that the diagram is commutative
M/ ak−hM // M/ an−hM
P
ψ //
ψ′
OO✤
✤
✤
M/ anM
OO
Proof. We take an arbitrary free resolution of P as follows
. . .→ Ad
Q
−→ Ap → Aq → P → 0
Then the homomorphism ψ lifts to a homomorphism of the resolution as follows
0 // an−hM/ ak−hM
i // M/ ak−hM // M/ an−hM // 0
0 // anM/ akM //
ν
OO
M/ akM //
ν¯
OO
M/ anM //
OO
0
Ad
Q // Ap //
g
OO
thg′
99
Aq //
f
OO
ϕ
\\
P //
ψ
OO
ψ′
__
0
On this diagram, ν and ν¯ are the natural maps. Now, We will produce the
dotted arrows.
By Corollary 22, there is a homomorphism
g′ : Ap → an−hM/ ak−hM
such that ν ◦ g = thg′ and g′ ◦Q = 0. Since th ∈ HP , the homomorphism ν ◦ g
lifts to a homomorphism ϕ : Aq → an−hM/ ak−hM . Then the homomorphism
ν¯ ◦ f − i ◦ ϕ : Ap →M/ ak−hM
induces the required lifting ψ′ : P →M/ ak−hM .
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Theorem 25. Let A be a ring, a = (t) ⊆ A a principal ideal, M is an a-adically
complete A-module, and P is a finite A-module such that ah ⊆ HP . Let r and
n be natural numbers such that
1. arM ∩ annM (t) = 0;
2. n > max(r + h, 2h).
Then, on the following diagram, for every homomorphism ψ, there exists a
homomorphism ψ′ such that the diagram is commutative
M // M/ an−hM
P
ψ //
ψ′
OO✤
✤
✤
M/ anM
OO
Proof. By Lemma 24, we see that, for an arbitrary n > max(r + h, 2h) and
every homomorphism ψ as above, there is a homomorphism
ψ′ : P →M/ a2(n−h)M
such that the following diagram is commutative
M/ a2(n−h)M // M/ an−hM
P
ψ //
ψ′
OO
M/ anM
OO
Then, sinceM is complete and 2(n−h) > n, we get the result by the induction
on n.
3.2 Lifting of ring homomorphisms
Theorem 26. Let A be a ring, a = (t) ⊆ A a principal ideal such that A is
a-adically complete. Let pi : B → B¯ be a surjective A-homomorphism of formally
finitely generated A-algebras, C and C¯ are A-algebras such that
1. There is an exact sequence of A-algebras
0→ I → C
ϕ
−→ C¯ → 0;
2. C is aC-adically complete;
Suppose that we are given natural numbers r, h, c, and n such that
1. ar C ∩ annC(t) = 0 and a
r C¯ ∩ annC¯(t) = 0;
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2. ak C ∩ I = ak−c(acC ∩ I) for all k > c;
3. ah ⊆ H¯B/A ⊆ B and a
h ⊆ H¯B¯/A ⊆ B¯;
4. n > max(r + 2h, c+ 2h, 4h).
Let we be given the following commutative diagram
C/ an C
ϕn // C¯/ an C¯ // 0
B
pi //
αn
OO
B¯
βn
OO
where ϕn is induced by ϕ.
Then, there exist A-homomorphisms α : B → C and β : B¯ → C¯ such that
the following diagram is commutative
B
αn

pi
&&▲▲
▲▲
▲▲▲
▲▲
▲▲
▲
α //❴❴❴❴❴❴❴❴❴❴❴❴❴ C
ϕ
''PP
PPP
PPP
PPP
PPP
P

B¯
βn

β //❴❴❴❴❴❴❴❴❴❴❴❴❴❴ C¯

C/ an C
ϕn
%%❑
❑❑
❑❑
❑❑
❑❑
// C/ an−2h C
ϕn−2h
''◆◆
◆◆◆
◆◆◆
◆◆◆
C¯/ an C¯ // C¯/ an−2h C¯
Proof. By Lemma 1 of [3], one finds A-homomorphisms
γ : B → C/ a2(n−h) C and δ : B¯ → C/ a2(n−h) C¯
such that the following diagrams are commutative
B
γ //❴❴❴❴
αn

αn−h
&&▼▼
▼▼▼
▼▼▼
▼▼▼
▼ C/ a2(n−h) C

C/ an C // C/ an−h C
B¯
δ //❴❴❴❴
βn

βn−h
&&▼▼
▼▼▼
▼▼▼
▼▼▼
▼ C¯/ a2(n−h) C¯

C¯/ an C¯ // C¯/ an−h C¯
Where, αn−h and βn−h are the compositions of αn and βn with the correspond-
ing quotient map, respectively.
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We will draw everything on the following diagram
an−2h C/ a2(n−2h) C //
i
))❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘
an−2h C¯/ a2(n−2h) C¯
))❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘
C/ a2(n−2h) C
ϕ2(n−2h) //
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
C¯/ a2(n−2h) C¯
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
C/ an−2h C
ϕn−2h // C¯/ an−2h C¯
an−h C/ a2(n−h) C //
OO
))❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘
an−h C¯/ a2(n−h) C¯
j ❘❘
❘❘❘
❘
))❘❘❘
❘❘❘
OO
C/ a2(n−h) C
ϕ2(n−h) //
ν
OO
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
C¯/ a2(n−h) C¯
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
ν¯
OO
ΩsB/A
φd
44
φd′
XX
C/ an−h C
ϕn−h //
OO
C¯/ an−h C¯
OO
B
dB/A
bb❊❊❊❊❊❊❊❊
pi //
γ
OO✤
✤
✤
✤
✤
✤
✤
αn−h
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
d
HH
B¯
δ
OO✤
✤
✤
✤
✤
✤
✤
βn−h
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
On this diagram i, j, ν, ν¯ are the natural maps. We will produce all dotted
arrows step by step. Before this, let us note that the diagram is commutative
only for the solid arrows. The four lines of this diagram (going from the back
facet to the front facet) are the extensions of rings by modules. Therefore, all
modules on the back facet are B-modules.
By construction, the difference of homomorphisms
ϕ2(n−h) ◦ γ − δ ◦ pi
factors through j, that is, equals j ◦ d for some
d : B → an−h C¯/ a2(n−h) C¯
and d is a derivation of B over A. The derivation d corresponds to a B-
homomorphism φd. Then, by Lemma 23, we find a B-homomorphism
φd′ : Ω
s
B/A → a
n−2h C/ a2(n−2h) C.
This homomorphism corresponds to the derivation d′ = φd′ ◦ dB/A, where
d′ : B → an−2h C/ a2(n−2h)C.
Thus, the map
γ′ = ν ◦ γ − i ◦ d′ : B → C/ a2(n−2h) C
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is a homomorphism and γ′ together with
ν¯ ◦ δ : B¯ → C¯/ a2(n−2h) C¯
gives the required lifting. Now, since C and, hence, C¯ are a-adically complete,
the result follows by induction on n.
Remark 27. In the proof of Theorem 26, we cannot cite Lemma 1 of [3] because
they use the ideal HJ instead of H¯B/A. There are two possible solutions of
this issue. The first one is to see that the proof of Lemma 1 is word by word
applicable for the ideal H¯B/A. The second way is to use Lemma 12 saying that,
for some natural l, we have H¯ lB/A ⊆ HJ . Then a
hl ⊆ HJ . However, in this case,
we should use hl instead of h.
Theorem 28. Let A be a ring a = (t) ⊆ A a principal ideal. Let φ : B → B¯
be a surjective A-homomorphism of finitely generated A-algebras, C and C¯ are
A-algebras such that
1. B and B¯ are smooth over the complement of V (a);
2. There is an exact sequence of A-algebras
0→ I → C
ϕ
−→ C¯ → 0;
3. The pairs (C, aC) and (C¯, a C¯) are henselian.
Suppose we are given homomorphisms ε : B̂ → Ĉ and ε¯ : ̂¯B → ̂¯C such that the
following diagram with the solid arrows only is commutative
Ĉ
zzttt
ttt
t B̂
φ̂zztt
ttt
tt
εoo
̂¯C
yyttt
ttt
t
̂¯B
yyttt
ttt
t
ε¯oo
0 0
C
xxrrr
rrr
r
OO
B
φxxrrr
rrr
r
OO
γ ❴ ❴ ❴ ❴oo❴ ❴ ❴ ❴ ❴ ❴
C¯
yyrrr
rrr
r
OO
B¯
yyrrr
rrr
r
OO
γ¯oo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
0 0
Then, for every natural number n, there exist two homomorphisms γ : B → C
and γ¯ : B¯ → C¯ such that the bottom square on the previous diagram is commu-
tative and the following diagrams are commutative
Ĉ
%%▲▲
▲▲
B̂
ε
99rrrrrrr
γ̂ %%▲▲
▲▲▲
▲▲ Ĉ/ a
n Ĉ
Ĉ
99rrrrr
̂¯C
%%▲▲
▲▲
̂¯B
ε¯
99rrrrrrr
̂¯γ %%▲
▲▲▲
▲▲▲
̂¯C/ an ̂¯C
̂¯C
99rrrrr
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Proof. We fix some generators of B and get the following exact sequences
0→ J →A[x]
β
−→ B → 0
0→ J¯ →A[x]
β¯
−→ B¯ → 0
where x = {x1, . . . , xn} is a finite set of indeterminates.
Now, we replace B by SB(J/J
2) and replace φ by the composition of the
projection SB(J/J
2) → B (sending J/J2 to zero) and φ. So, we may assume
that (ΩB/A)t is free Bt-module of rank d. Adding the generators y of J/J
2 to
the generators of B, we get a surjective homomorphism
β′ : A[x, y]→ SB(J/J
2).
Let t = {t1, . . . , td} be the set of indeterminates, we replace β by the composition
of the projection
A[x, y, t]→ A[x, y], t 7→ 0
and β′. The homomorphism β¯ will be replaced by the composition of the pro-
jection
A[x, y, t]→ A[x], y, t 7→ 0
and β¯. Now, J is the kernel of the new homomorphism β. By Lemma 3 of [3],
we see that (J/J2)t is a free Bt-module.
Let the elements (f1, . . . , fq) ⊆ J form a basis of (J/J
2)t. Then there is an
element e ∈ J such that
e2 − the ∈ (f1, . . . , fq)
for some natural h. Since the sequence
0→ (J/J2)t → ΩA[x,y,t]/A ⊗A[x,y,t] Bt → ΩBt/A → 0
is split exact, the ideal
△q(f1, . . . , fq) ⊆ A[x, y, t]
generated by q-minors of the Jacobian matrix of f1, . . . , fq contains some t
h′ .
Enlarging h′ or replacing e by th−h
′
e, we may assume that h = h′.
By the Artin-Rees lemma, there are natural numbers r and c such that
a
r C ∩ annC(t) = 0
a
m C ∩ I = am−c(ac C ∩ I) whenever m > c
Now, we define the ideal
J0 = (f1, . . . , fq) ⊆ A[x, y, t]
and the element s = (th − e)th. Since
Jt = (f1, . . . , fq, e)t and e
2 − the ∈ (f1, . . . , fq),
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we have Js = (f1, . . . , fq)s. Therefore, s
pJ ⊆ J0 for some natural p.
Now, we fix a natural number n > max(2h+c, h+r) and take the reductions
of ε and ε¯ modulo an C and an C¯, respectively:
Cϕ
uu❧❧❧❧
❧❧❧
❧
pi

C¯
uu❧❧❧❧
❧❧❧
❧❧
p¯i

0
C/ an Cϕnuu❧❧❧
B
uu❧❧❧❧
❧❧❧
❧
εnoo
C¯/ an C¯
uu❧❧❧❧
❧❧
B¯
uu❧❧❧❧
❧❧❧
❧❧
ε¯noo
0 0
Here pi and p¯i are the quotient maps, ϕn is induced by ϕ, and the homomor-
phisms εn and ε¯n are the reductions of ε and ε¯, respectively.
Now, by Theorem 2 bis of [3], the homomorphism ε¯ approximates by some
γ¯ : B¯ → C¯ module an C¯. We denote the composition εn ◦ β by α and let γ
′ be
an arbitrary lifting of γ¯ ◦ β¯. We draw everything on the following diagram:
I
ww♦♦♦
♦♦♦
♦♦♦
♦♦
C
ϕ
ww♦♦♦
♦♦♦
♦♦♦
♦♦
pi

C¯
ww♦♦♦
♦♦♦
♦♦♦
♦♦
p¯i

0
C/ an C
ϕn
ww♦♦♦
♦♦♦
B
ww♦♦♦
♦♦♦
♦♦♦
♦♦
εnoo A[x, y, t]
βoo
β¯ss❣❣❣❣❣
❣❣❣❣❣
❣❣❣❣❣
❣❣❣❣
α
vv
γ′
nn
❀
❃
❆
❉
●
❏
▼
❖
◗❚
❱❳
❨❬❪
C¯/ an C¯
ww♦♦♦
♦♦♦
♦♦♦
B¯
ww♦♦♦
♦♦♦
♦♦♦
♦♦
ε¯noo
γ¯
pp
0 0
The map γ′ is denoted by the dotted line because the triangle with γ′, α, and
pi is not necessarily commutative. Firstly, we are going to replace γ′ by γ′′ such
that pi ◦ γ′′ = α. Secondly, we will show how to replace γ′′ by γ such that
γ(J) = 0.
Let us define the following vector
k′ = pi ◦ γ′(x, y, t)− α(x, y, t).
If k′ = (k′i), then k
′
i ∈ kerϕn. Therefore, we can find k = (ki) with ki ∈ I and
such that pi(ki) = k
′
i. Let us define the following homomorphism of A-algebras
γ′′ : A[x, y, t]→ C where (x, y, t) 7→ γ′(x, y, t)− k.
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Since γ′′ coincides with γ′ modulo I the whole diagram with γ′′ instead of γ′ is
commutative. Now, we are going to show that γ(J) = 0. We will do this in two
steps.
Step 1. We will show that there is a homomorphism γ : A[x, y, t] → C such
that γ(J0) = 0. Let a = γ
′′(x, y, t) be a vector of elements of C. We will
search the homomorphism γ among ones sending (x, y, t) to a + thp for some
vector p = (pi), where pi ∈ a
n−2h C ∩ I. We also denote f = (fi), the vector of
generators of J0.
By construction, we have
γ′′(J0) ⊆ γ
′′(J) ⊆ an C ∩ I = an−c(acC ∩ I)
Thus f(a) = t2he, where e = (ei) and ei ∈ a
n−2h C ∩ I. Since th ∈ △q(f), we
have M(a)N = thE, where M(a) is the Jacobian matrix of f at the point a, N
is some matrix and E is the identity matrix. Now, we want to have
0 = f(a+ tp) = f(a) + thM(a)p+ t2hptQp.
where the right-hand part is the Taylor expansion up to the second order term
and pt is the transposed vector p. We replace f(a) by t2he and thE by M(a)N .
As the result, we will obtain the following equation
0 = thM(a)(p+N(e+ ptQp))
It is enough to find p ∈ an−2h C ∩ I such that
p+N(e + ptQp) = 0.
The zero vector p = 0 is a solution of this system in C/ an−2h C and the Jacobian
matrix of this system at p = 0 is the identity matrix E. Since (C, aC) is
henselian, there is a solution p in C such that pi ∈ a
n−2h C. But then
(E + ptQ)p = −Ne, and ei ∈ a
n−2h C ∩ I
Since all pi are in the radical of C, the matrix (E+p
tQ) is invertible and, hence,
pi ∈ a
n−2h C ∩ I.
Step 2. We will show that γ(J) = 0. By construction, the completion of the
map
γ : A[x, y, t]→ C by (x, y, t) 7→ a+ thp
coincides with ε modulo an−h Ĉ. Thus γ(J) ⊆ an−h C. Moreover, by definition
of s, we have
t2hpγ(J) = γ(spJ) ⊆ γ(J0) = 0
Then by the choice of n and r, it follows that γ(J) = 0.
We have constructed γ : A[x, y, t]→ C being a lifting of εn−h ◦ β. It induces
a homomorphism of γ : B → C being a lifting of εn−h. Since γ¯ is a lifting of ε¯n,
it is also a lifting of ε¯n−h. Since n is an arbitrary large, we are done.
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Corollary 29. Let A be a ring a = (t) ⊆ A a principal ideal. Let φ : B → B¯
be a surjective A-homomorphism of finitely generated A-algebras, ϕ : C → C¯
is a homomorphism of A-algebras. Assume that B and B¯ are smooth over the
complement of V (a) and we are given homomorphisms ε : B̂ → Ĉ and ε¯ : ̂¯B → ̂¯C
such that the following diagram with the solid arrows only is commutative
Ĉ
ϕ̂
ww♣♣♣
♣♣♣
♣♣♣
B̂
φ̂
zzttt
ttt
t
εoo
̂¯C
ww♣♣♣
♣♣♣
♣♣♣
̂¯B
zzttt
ttt
t
ε¯oo
0 C′ϕ′
♥♥♥♥
ww♥♥♥♥
✎
✎
GG✎
✎
✎
0
C¯′
xx♣♣♣
♣♣♣
♣♣
GG✎
✎
✎
✎
C
``❆
❆
ϕ
♥♥♥
ww♥♥♥
♥♥
OO
B
φ
yyrrr
rrr
r
OO
γ ❨❨
ll❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨
0 C¯
``❅
❅
ww♥♥♥
♥♥♥
♥♥♥
OO
B¯
yyrrr
rrr
r
OO
γ¯
ll❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨
0 0
Then, for every natural number n, there exist e´tale extensions C → C′ and
C¯ → C¯′ such that the induced by ϕ map ϕ′ : C′ → C¯′ is well-defined and
surjective. There also exist two homomorphisms γ : B → C and γ¯ : B¯ → C¯ such
that the squares with dotted arrows on the previous diagram is commutative, and
the following diagrams are commutative
Ĉ
%%▲▲
▲▲
B̂
ε
99rrrrrrr
γ̂ %%▲
▲▲
▲▲
▲ Ĉ/ a
n Ĉ
Ĉ′
99rrrrr
̂¯C
%%▲▲
▲▲
̂¯B
ε¯
99rrrrrrr
̂¯γ %%▲
▲▲
▲▲
▲
̂¯C/ an ̂¯C
̂¯C′
99rrrrr
Lemma 30. Let A be a ring, a ⊆ A, A is a-adically complete, and M ⊆ P are
finitely generated A-modules. Then M =
⋂
k>0M + a
k P .
Proof. Since A is complete, the module P/M is complete. In particular, P/M
is separated. Thus
⋂
k>0 a
k P/M = 0. Whence M =
⋂
k>0M + a
k P .
The following corollary is a direct generalization of Theorem 2 bis of [3]. The
difference between the corollary and Theorem 28 is the additional condition on
the sections. They must factors through given open subsets.
Corollary 31. Let A be a ring, a = (t) ⊆ A a principal ideal,
φ : B → B¯ and ψ : C → C¯
be surjective homomorphisms of A-algebras such that B and B¯ are finitely gen-
erated, and the pairs (C, aC) and (C¯, a C¯) are henselian. Let we be given ideals
I ⊆ B, I¯ ⊆ B¯ and A-homomorphisms
ϕ : B → Ĉ and ϕ¯ : B¯ → ̂¯C
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such that
ϕ(I)Ĉ ⊇ ac and ϕ¯(I¯) ̂¯C ⊇ ac
for some natural c. Then, for every n, there exist A-homomorphisms
γ : B → C and γ¯ : B¯ → C¯
such that
γ(I)C ⊇ ac and γ¯(I¯)C¯ ⊇ ac
and the following diagram is commutative
C

ψ
ww♦♦♦
♦♦♦
♦♦♦
♦♦
B
ϕ

φ
ww♦♦♦
♦♦♦
♦♦♦
♦♦
γoo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
C¯

B¯
ϕ¯

γ¯oo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
C/ an C
ψn
ww♦♦♦
♦♦♦
Ĉ
ψ̂
ww♦♦♦
♦♦♦
♦♦♦
♦♦
oo
C¯/ an C¯ ̂¯Coo
Proof. We fix m > max(n, c) and apply Theorem 28 with m instead of n.
Therefore, we find A-homomorphisms γ and γ¯ as on the previous diagram. We
will show that ac ⊆ γ(I)C, the second inclusion is proven in the same way.
By definition, ϕ(I) ⊆ γ(I) + am Ĉ. Hence (a Ĉ)c ⊆ γ(I)Ĉ + (a Ĉ)m. Thus,
by induction, we have (a Ĉ)c ⊆ γ(I)Ĉ + (a Ĉ)k for all k > m. By Lemma 30,
ac Ĉ ⊆ γ(I)Ĉ. Since C is henselian, C → Ĉ is faithfully flat. Therefore, for any
ideal J ⊆ C, we have (JĈ) ∩ C = J . In particular, ac C ⊆ γ(I)C.
4 Approximation of pairs
4.1 Approximation of henselizations
Theorem 32. Let A be a ring a = (t) ⊆ A is a principal ideal, φ : B → B¯ and
ψ : C → C¯ are surjective A-homomorphisms of A-algebras such that
1. B and B¯ are finitely generated over A.
2. (C, aC) and (C¯, a C¯) are henselian.
3. I is the kernel of ψ.
Let n, r, h, c be natural numbers such that
1. ar C ∩ annC(t) = 0 and a
r C¯ ∩ annC¯(t) = 0.
2. ak C ∩ I = ak−c(acC ∩ I) for all k > c.
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3. ah ⊆ HB/A and a
h ⊆ HB¯/A.
4. n > max(r + 2h, c+ 2h, 4h).
and we are given a commutative diagram
B
φ //
αn

B¯
βn

C/ an C
ψn // C¯/ an C¯
Then there exist A-homomorphisms α : B → C and β : B¯ → C¯ such that the
following diagram is commutative
C

ψ
ww♦♦♦
♦♦♦
♦♦♦
♦♦
B
αn

φ
ww♦♦♦
♦♦♦
♦♦♦
♦♦
αoo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
C¯

B¯
βn

βoo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
C/ an−2h C
ψn−2h
ww♦♦♦
♦♦♦
C/ an C
ψn
ww♦♦♦
♦♦♦
oo
C¯/ an−2h C¯ C¯/ an C¯oo
Proof. The assertion immediately follows from Theorem 26 and Theorem 28.
Corollary 33. Let A be a ring a = (t) ⊆ A is a principal ideal, φ : B → B¯ and
ψ : C → C¯ are surjective A-homomorphisms of finitely generated A-algebras,
and I is the kernel of ψ. Let n, r, h, c be natural numbers such that
1. ar C ∩ annC(t) = 0 and a
r C¯ ∩ annC¯(t) = 0.
2. ak C ∩ I = ak−c(acC ∩ I) for all k > c.
3. ah ⊆ HB/A and a
h ⊆ HB¯/A.
4. n > max(r + 2h, c+ 2h, 4h).
and we are given a commutative diagram
B
φ //
αn

B¯
βn

C/ an C
ψn // C¯/ an C¯
Then there exist strict etale extensions C → C′, C¯ → C¯′, and a surjective A-
homomorphism ψ′ : C′ → C¯′ together with A-homomorphisms α : B → C′ and
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β : B¯ → C¯′ such that the following diagram is commutative
C′

ψ′
ww♦♦♦
♦♦♦
♦♦♦
♦ B
αn

φ
ww♦♦♦
♦♦♦
♦♦♦
♦♦
αoo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
C¯′

B¯
βn

βoo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
C/ an−2h C
ψn−2h
ww♦♦♦
♦♦♦
C/ an C
ψn
ww♦♦♦
♦♦♦
oo
C¯/ an−2h C¯ C¯/ an C¯oo
Lemma 34. Let A be a ring, a = (t) ⊆ A an ideal, α : A → B is a homomor-
phism such that B/ ak B is a finitely generated A/ ak-algebra for all k. Let we
be given numbers n > r such that
1. ar B ∩ annB(t) = 0.
2. The map αn : A/ a
n → B/ anB is smooth.
Assume that aB belongs to the Jacobson radical of B, then all the maps αk are
smooth.
Proof. By Proposition 17.5.2 of [6], it is enough to show that all the maps αk
are flat. Since αn is flat, the maps
a
k / ak+1⊗A/ aB/ aB → a
kB/ ak+1B
are isomorphisms for all k < n by Theorem 49 of [7]. Because of the choice of
r, the maps
a
r / ar+1
tk−r
−→ ak / ak+1 and ar B/ ar+1B
tk−r
−→ ak B/ ak+1 B
are isomorphisms. Hence,
a
k / ak+1⊗A/ aB/ aB → a
kB/ ak+1B
holds for all k and, by Theorem 49 of [7], the maps αk are flat for all k.
Lemma 35. Let A and B be rings, a ⊆ A an ideal, α : A→ B is a homomor-
phism such that B becomes a localisation of a finitely generated A-algebra. Sup-
pose also that aB belongs to the Jacobson radical of B and αk : A/ a
k → B/ ak B
are smooth. Then α is smooth.
Proof. Since B is a localisation of a finitely generated algebra, there is an exact
sequence of A-homomorphisms
0→ J → R→ B → 0
29
where R is smooth over A. The condition on αk implies that B is smooth over
A in aB-topology (see [7]). Thus, for all n, the homomorphism of B/ anB-
modules
J/J2 ⊗B B/ a
nB → ΩR/A ⊗R B/ a
nB
is left-invertible by Theorem 63 of [7]. Since ΩR/A ⊗R B is projective and a
belongs to the Jacobson radical of B, the homomorphism
J/J2 → ΩR/A ⊗R B
is left-invertible by Lemma 2 of [7, (29.A), p. 215]. Hence, again by Theorem 63,
B is smooth over A.
Lemma 36. Let A be a ring a = (t) ⊆ A is a principal ideal, φ : B → B¯ and
ψ : C → C¯ are surjective A-homomorphisms of finitely generated A-algebras,
and I is the kernel of ψ. Let n, r, h, c be natural numbers such that
1. ar C ∩ annC(t) = 0 and a
r C¯ ∩ annC¯(t) = 0.
2. ak C ∩ I = ak−c(acC ∩ I) for all k > c.
3. ah ⊆ HB/A and a
h ⊆ HB¯/A.
4. n > max(r + 2h, c+ 2h, 4h).
and we are given a commutative diagram
B/ anB
φn //
αn

B¯/ an B¯
βn

C/ an C
ψn // C¯/ an C¯
where αn and βn are smooth. Then there exist strict etale extensions C → C
′,
C¯ → C¯′, and a surjective A-homomorphism ψ′ : C′ → C¯′ together with smooth
A-homomorphisms α : B → C′ and β : B¯ → C¯′ such that the following diagram
is commutative
C′

ψ′
ww♦♦♦
♦♦♦
♦♦♦
♦ B
αn

φ
ww♦♦♦
♦♦♦
♦♦♦
♦♦
αoo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
C¯′

B¯
βn

βoo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
C/ an−2h C
ψn−2h
ww♦♦♦
♦♦♦
C/ an C
ψn
ww♦♦♦
♦♦♦
oo
C¯/ an−2h C¯ C¯/ an C¯oo
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Proof. By Corollary 33, we find the homomorphisms α and β. We will find an
element s ∈ 1 + aC′ such that the compositions
B
α
−→ C′ → C′s and B¯
β
−→ C¯′ → C¯′s
are smooth and this will prove the lemma.
Let us consider the case of α. We also denote C′ by C and ψ′ by ψ for short.
Let S = 1 + aB and T = 1 + aC, then the induced homomorphism S−1B →
T−1C satisfies the conditions of Lemma 34. Hence, all αk : B/ a
k B → C/ ak C
are smooth. Thus, T−1C is smooth over S−1B by Lemma 35. Consequently,
T−1C is B smooth. Now, we see that
T−1(HC/B) = H(T−1C)/B = (1)
by Lemma 4. Thus, there is an element t ∈ T , such that
HCt/B = (HC/B)t = (1).
Hence, Ct is smooth over B.
If t¯ ∈ 1+ a C¯ denote an element such that C¯t¯ is B¯-smooth, then we lift it to
an element t¯′ ∈ 1 + aC. Whence, s = tt¯′ is the required element.
Lemma 37. Let A be a ring, a ⊆ A and ideal, and ϕ : A → A is a homomor-
phism such that A is a-adically complete, ϕ takes a to a and induces the identity
map on A/ a. Then ϕ is an isomorphism
Proof. By definition, ϕ(x) = x + γ(x), where γ : A → a is a linear map such
that γ(xy) = xγ(y)+γ(x)y+γ(x)γ(y). Hence, for any x ∈ a, γn(x) ⊆ an. Thus
the map
ψ(x) =
∞∑
n=0
(−1)nγn(x)
is well-defined and is inverse to ϕ.
Proposition 38. Let A be a ring a = (t) ⊆ A is a principal ideal, φ : B → B¯
and ψ : C → C¯ are surjective A-homomorphisms of finitely generated A-algebras,
and I is the kernel of ψ.
Let n, r, h, c be natural numbers such that
1. ar C ∩ annC(t) = 0 and a
r C¯ ∩ annC¯(t) = 0.
2. ak C ∩ I = ak−c(acC ∩ I) for all k > c.
3. ah ⊆ HB/A and a
h ⊆ HB¯/A.
4. n > max(r + 2h, c+ 2h, 4h).
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and we are given a commutative diagram
B/ anB
φn //
αn

B¯/ an B¯
βn

C/ an C
ψn // C¯/ an C¯
where αn and βn are isomorphisms. Then there exist A-isomorphisms α
h : Bh →
Ch and βh : B¯h → C¯h such that the following diagram is commutative
Ch

ψh
ww♦♦♦
♦♦♦
♦♦♦
♦ B
h
αn

φh
ww♦♦♦
♦♦♦
♦♦♦
♦
αhoo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
C¯h

B¯h
βn

βhoo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
C/ an−2h C
ψn−2h
ww♦♦♦
♦♦♦
C/ an C
ψn
ww♦♦♦
♦♦♦
oo
C¯/ an−2h C¯ C¯/ an C¯oo
Proof. From Lemma 36 it follows that, replacing C and C¯ by their strict etale
extensions, we may suppose that we have a pair of smooth homomorphisms
α : B → C and β : B¯ → C¯ such that the following diagram is commutative
C

ψ
ww♦♦♦
♦♦♦
♦♦♦
♦♦
B

φ
ww♦♦♦
♦♦♦
♦♦♦
♦♦
αoo
C¯

B¯

βoo
C/ an−2h C
ψn−2h
ww♦♦♦
♦♦♦
B/ an−2hB
ψn
ww♦♦♦
♦♦♦
αn−2hoo
C¯/ an−2h C¯ B¯/ an−2h B¯
βn−2hoo
Now, we should show that α and β induce isomorphisms of henselizations. We
will demonstrate this for α.
Firstly, note that all αn are isomorphisms by Lemma 37. Then, we may
tensor by Bh over B. Hence, we may assume that (B, aB) is henselian and
C is a smooth finitely generated B-algebra. Thus, by Theorem 2 of [3], the
composition
C → C/ an−2h C
α−1n−2h
−→ B/ an−2hB
lifts to a B-homomorphism ε : C → B. We will show that the induced map
εh : Ch → Bh = B is an isomorphism. The surjectivity is clear. Since Ch is a
subalgebra of Ĉ, it is enough to show that ε̂ : Ĉ → B̂ is injective. But
(α̂ ◦ ε̂)n−2h = αn−2h ◦ εn−2h = Id
Therefore, by Lemma 37, α̂ ◦ ε̂ is an isomorphism and we are done.
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4.2 Approximation of complete algebras
Lemma 39. Let A be a ring, a ⊆ A an ideal, and ϕ : A→ B is a homomorphism
such that A is a-adically complete, B is aB-adically separated, and the map
ϕ¯ : A/ a→ B/ aB induced by ϕ is surjective. Then the map ϕ is surjective.
Proof. Since B = Imϕ + aB, for every b ∈ B, there exist a1 ∈ A, s1 ∈ a, and
b1 ∈ B such that b = ϕ(a1) + s1b1. Applying the arguments for b1 instead of b
we find a1 ∈ A, s2 ∈ a, and b2 ∈ B such that b1 = ϕ(a2) + s2b2. Hence
b = ϕ(a1 + s1a2) + s2b2
By induction, we find sequences ai ∈ A, si ∈ a, and bi ∈ B. The sequence
rn =
∑
k6n

∏
i6k
si

 ak
converges to an element r ∈ A because A is complete. Since B is separated, the
difference
b− ϕ(rn) =
∏
k6n+1
skbn+1
tends to zero. Therefore, b = ϕ(r).
Proposition 40. Let A be a ring a = (t) ⊆ A a principal ideal such that
A is a-adically complete. Let φ : B → B¯ and ψ : B0 → B¯0 be surjective A-
homomorphisms of formally finitely generated A-algebras. Let ε : A{X} → B
be a surjective A-homomorphism, where X = {x1, . . . , xn} is a finite set, and
J = ker ε, J¯ = ker(φ ◦ ε). Assume that l, r, c, h, n are natural numbers such that
1. ar B ∩ annB(t) = 0 and a
r B¯ ∩ annB¯(t) = 0.
2. ak B ∩ I = ak−c(acB ∩ I) for all k > c.
3. ah ⊆ H¯B/A and a
h ⊆ H¯B¯/A.
4. ad{X} ∩ J = ad−l(al{X} ∩ J) and ad{X} ∩ J¯ = ad−l(al{X} ∩ J¯) for all
d > l.
5. n > max(r + 2h, c+ 2h, l + 2h, 4h).
and there are isomorphisms αn : B0/ a
nB0 → B/ a
nB and βn : B¯0/ a
n B¯0 →
B¯/ an B¯ such that the following diagram is commutative
B0/ a
nB0
ψn //
αn

B¯0/ a
n B¯0
βn

B/ anB
φn // B¯/ an B¯
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Then, there exist isomorphisms α : B0 → B and β : B¯0 → B¯ such that the
following diagram is commutative
B0
ψ //
α
xxq q
q q
q q
q

B¯0

β
xxq q
q q
q q
q
B
φ //

B¯

B0/ a
n−2hB0
ψn−2h //
αn−2h
xxqqq
qqq
qqq
q
B¯0/ a
n−2h B¯0
βn−2h
xxqqq
qqq
qqq
q
B/ an−2hB
φn−2h // B¯/ an−2h B¯
Proof. By Theorem 26, there exist A-homomorphisms α : B0 → B and β : B¯0 →
B¯ such that in the following diagram right cube is commutative
J¯0 //
yysss
sss
s

J0 //
yysss
sss
s

A{X}
ε0 //❴❴❴❴❴❴
sss
s
ss
ss

B0
ψ //
α
yysss
ss
s

B¯0
β
yysss
ss
s

J¯ //

J //

A{X}
ε //

B
φ //

B¯

J¯0/J¯0 ∩ a
m{X} //
yysss
s
J0/J0 ∩ a
m{X} //
yysss
s
A/ am[X] //
sss
s
sss
s
B0/ a
m B0
ψm //
αm
yysss
s
B¯0/ a
m B¯0
βm
yysss
s
J¯/J¯ ∩ am{X} // J/J ∩ am{X} // A/ am[X] // B/ am B
φm // B¯/ am B¯
where m = n− 2h. By Lemma 39, the map α is surjective, and we define ε0 to
be a lifting of ε. Again, by Lemma 39, the map ε0 is surjective, and we define
J0 = ker ε0 and J¯0 = ker(ψ ◦ ε0). Therefore, we have constructed the diagram
above such that it becomes commutative. By construction, J0 ⊆ J and J¯0 ⊆ J¯ .
Since the left cube of the diagram is commutative, we have
J = J0 + J ∩ a
m{X} ⊆ J0 + a J
J¯ = J¯0 + J¯ ∩ a
m{X} ⊆ J¯0 + a J¯
The inclusions above hold because of item 4 from the hypothesis of the propo-
sition. Hence J = J0 and J¯ = J¯0 by Nakayama’s lemma. Therefore, the maps
α and β are isomorphisms.
5 Algebraization of pairs
5.1 Pairs of modules
Lemma 41. Let A be a ring, a = (t) ⊆ A a principal ideal, and B → B¯ → 0
is a surjection of A-algebras. Let M and P be B-modules and M¯ and P¯ be
B¯-modules such that
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1. There is an exact sequence of B-modules
0→ R→M
ϕ
−→ M¯ → 0;
2. pi : P → P¯ is a homomorphism of B-modules;
3. M is a-adically complete;
4. P and P¯ are finite modules over B and B¯, respectively.
Suppose that we are given natural numbers r, h, c, and n such that
1. arM ∩ annM (t) = 0 and a
r M¯ ∩ annM¯ (t) = 0;
2. ah ⊆ HP ⊆ B and a
h ⊆ HP¯ ⊆ B¯;
3. akM ∩R = ak−c(acM ∩R) for all k > c;
4. n > max(r + 2h, c+ 2h, 4h).
Let we be given the following commutative diagram
M/ anM
ϕn // M¯/ an M¯ // 0
P
pi //
αn
OO
P¯
βn
OO
where ϕn is induced by ϕ (all homomorphisms on the diagram are the homo-
morphisms of B-modules).
Then, there exist homomorphisms α : P → M and β : P¯ → M¯ (homomor-
phisms of B-modules) such that the following diagram is commutative
P
αn

pi
&&◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆
α //❴❴❴❴❴❴❴❴❴❴❴❴❴❴ M
ϕ
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗

P¯
βn

β //❴❴❴❴❴❴❴❴❴❴❴❴❴❴❴ M¯

M/ anM
ϕn
&&▲▲
▲▲▲
▲▲▲
▲▲
// M/ an−2hM
ϕn−2h
''PP
PPP
PPP
PPP
M¯/ an M¯ // M¯/ an−2h M¯
Proof. By Lemma 24, one finds homomorphisms
γ : P →M/ a2n−hM and δ : P¯ →M/ a2n−h M¯
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such that the following diagrams are commutative
P
γ //❴❴❴❴
αn

αn−h
''◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆ M/ a
2n−hM

M/ anM // M/ an−hM
P¯
δ //❴❴❴❴❴
βn

βn−h
''◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆ M¯/ a
2n−h M¯

M¯/ an M¯ // M¯/ an−h M¯
Where, αn−h and βn−h are the compositions of αn and βn with the correspond-
ing quotient map, respectively.
We will draw everything on the following diagram
an−2hM/ a2(n−2h)M //
i
))❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘
an−2h M¯/ a2(n−2h) M¯
))❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘
M/ a2(n−2h)M
ϕ2(n−2h) //
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
M¯/ a2(n−2h) M¯
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
M/ an−2hM
ϕn−2h // M¯/ an−2h M¯
an−hM/ a2n−hM //
OO
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
an−h M¯/ a2n−h M¯
j ❘❘
❘❘❘
❘
))❘❘❘
❘❘❘
OO
M/ a2n−hM
ϕ2n−h //
ν
OO
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
M¯/ a2n−h M¯
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
ν¯
OO
M/ an−hM
ϕn−h //
OO
M¯/ an−h M¯
OO
P
pi //
γ
OO✤
✤
✤
✤
✤
✤
✤
αn−h
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
ξ
HH
η
VV
P¯
δ
OO✤
✤
✤
✤
✤
✤
✤
βn−h
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
On this diagram i, j, ν, ν¯ are the natural maps. We will produce all dotted
arrows step by step.
Note, that the diagram is commutative only for solid arrows. By construc-
tion, the homomorphism
ϕ2n−h ◦ γ − δ ◦ pi
factors through j, that is, equals j ◦ ξ for some
ξ : P → an−h M¯/ a2n−h M¯.
Then, by Lemma 23, we find the homomorphism
η : P → an−2hM/ a2(n−2h)M.
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Thus, homomorphisms
ν ◦ γ − i ◦ η : P →M/ a2(n−2h)M
and
ν¯ ◦ δ : P¯ → M¯/ a2(n−2h) M¯
give the required lifting. Now, since M and, hence, M¯ are a-adically complete,
the result follows by induction on n.
Theorem 42. Let A be a ring, a = (t) ⊆ A a principal ideal, we are given a
surjection B → B¯ of A-algebras, Q is a B̂-module, and Q¯ is a ̂¯B-modules such
that
1. The pairs (B, aB) and (B¯, a B¯) are henselian;
2. φ : Q→ Q¯ is a surjective homomorphism of B̂-modules;
3. Qt is B̂t-projective;
4. Q¯t is
̂¯Bt-projective;
5. Q is a finite B̂-module.
Then, there exist a B-module P0, a B¯-module P¯0, a surjection φ0 : P0 → P¯0,
and isomorphisms ϕ : Q→ P̂0 and ψ : Q¯→
̂¯P 0 such that the following diagram
is commutative
Q
φ //
ϕ

Q¯ //
ψ

0
P̂0
φ̂0 // ̂¯P0 // 0
Proof. By Theorem 3 of [3], we can algebraize Q and Q¯ separately. So, we
may suppose that Q = P̂ , Q¯ = ̂¯P , where P is a finite B-module, P¯ is a finite
B¯-module, and, for some natural h, we have
a
h ⊆ HP ⊆ B and a
h ⊆ HP¯ ⊆ B¯.
We take some free resolutions of P and P¯ as follows
Bp
L // Bq // P // 0
B¯p¯
L¯ // B¯q¯ // P¯ // 0
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Then the homomorphism φ induces the homomorphisms u and v on the following
diagram
0 0
P̂
OO
φ // ̂¯P
OO
// 0
B̂q
OO
u // ̂¯Bq¯
OO
// 0
B̂p
L
OO
v // ̂¯Bp¯
L¯
OO
where we may suppose that u is surjective by enlarging the q. Here, L is a
q × p-matrix over B and L¯ is q¯ × p¯-matrix over B¯.
We define the following algebra
D = B¯[X,Y ]/(XL− L¯Y ),
where X is a q¯ × q-matrix of indeterminates xij , and Y is a p¯ × p-matrix of
indeterminates yij . This algebra describes all pairs of B-homomorphisms u0, v0
such that the following diagram is commutative
Bq
u0 // B¯q¯
Bp
v0 //
L
OO
B¯p¯
L¯
OO
The algebra D¯ = ̂¯B ⊗B¯ D describes the same pairs of B̂-homomorphisms for
free modules over B̂ and ̂¯B.
The pair u and v defines a ̂¯B-section D¯ → ̂¯B. So, we have
̂¯B // D¯(u,v)uu
B¯ //
OO
D
OO
(u0,v0)
uu ❯❴✐
The algebra Dt is smooth over B¯t by Lemma 43 below. By Theorem 2 bis
of [3], there is a section D → B¯ given by a pair (u0, v0) such that the following
diagrams are commutative
̂¯Bq¯
''❖❖❖
❖
B̂q
u ''❖❖
❖❖❖
❖❖❖
û0
77♦♦♦♦♦♦♦♦ (̂¯B/ an ̂¯B)q¯
̂¯Bq¯ 77♦♦♦♦
̂¯Bp¯
''❖❖❖
❖
B̂p
v ''❖❖
❖❖❖
❖❖
v̂0
77♦♦♦♦♦♦♦ (̂¯B/ an ̂¯B)p¯
̂¯Bp¯ 77♦♦♦♦
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for sufficiently large n. In particular,
Im û0 +Rad
̂¯Bq¯ = Imu = ̂¯Bq¯
By Nakayama’s lemma, û0 is also surjective. Since B is henselian, the completion
B̂ is faithfully flat. Therefore, u0 is also surjective.
In other words, the pair (u0, v0) induces a surjectiveB-homomorphism P
φ0
−→
P¯ → 0 and, by definition, we have the following commutative diagram
P̂
φ̂0 //
ϕn

̂¯P //
ψn

0
P̂ / an P̂
φn // ̂¯P/ an ̂¯P // 0
where φn is induced by φ, ϕn and ψn are the quotient maps.
Now, by Lemma 41, we can find homomorphisms ϕ : P̂ → P̂ and ψ : ̂¯P → ̂¯P
such that the following diagram is commutative
P̂
φ0 //
ϕ

̂¯P //
ψ

0
P̂
φ // ̂¯P // 0
and, by construction, ϕ and ψ equal ϕn and ψn modulo a
n−2h, respectively.
Thus they are equal to the identity maps modulo an−2h and therefore are also
isomorphisms.
Lemma 43. Let the conditions of Theorem 42 hold and the B¯-algebra D is
defined as in the proof of the proposition. Then, for every prime ideal p ⊆ B¯
not containing t, Dp is a polynomial ring over B¯p.
Proof. The matrix L also defines the B¯-module P ′ = P ⊗B B¯. This module is
projective over the complement of V (a). Therefore, we have the following split
exact sequence of free B¯p-modules
0→ Kp → B¯
q
p → P
′
p → 0
where K is the module generated by the columns of L. Since Kp is free of some
rank d and B¯p is local, one can find matrices U ∈ GLq(B¯p) and V ∈ GLp(B¯p)
such that the matrix ULV is of the form(
E 0
0 0
)
where E is the identity matrix of size d. By the same arguments, there exist
matrices U¯ ∈ GLq¯(B¯p) and V¯ ∈ GLp¯(B¯p) such that the matrix U¯ L¯V¯ is of the
form (
E 0
0 0
)
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where E is the identity matrix of some size d¯. Now, we change the generators
X and Y by X ′ = U¯XU−1 and Y ′ = V¯ −1Y V , respectively. Then, the algebra
Dp is given by
Dp = B¯p[X
′, Y ′]/(F )
where F is a q¯ × p-matrix of the form
(
X ′d 0
)
−
(
Y ′
d¯
0
)
Here X ′d is the matrix consisting of the first d columns of the matrix X
′ and Y ′
d¯
is the matrix consisting of the first d¯ rows of the matrix Y ′. Now, the claim is
clear.
Corollary 44. Let A be a ring, a = (t) ⊆ A a principal ideal, f : B → B¯ is a
surjection of A-algebras, Q is a B̂-module, and Q¯ is a ̂¯B-modules such that
1. φ : Q→ Q¯ is a surjective homomorphism of B̂-modules;
2. Qt is B̂t-projective;
3. Q¯t is
̂¯Bt-projective;
4. Q is a finite B̂-module.
Then, there exists a surjective homomorphism of A-algebras f ′ : B′ → B¯′
such that the following diagram is commutative
B′
f ′ // B¯′ // 0
B
f //
OO
B¯ //
OO
0
where B′ and B¯′ are e´tale extensions of B and B¯, respectively. There also exist a
B′-module P0, a B¯
′-module P¯0, a surjection P0
φ0
−→ P¯0 → 0, and isomorphisms
ϕ : Q→ P̂0 and ψ : Q¯→
̂¯P 0 such that the following diagram is commutative
Q
φ //
ϕ

Q¯ //
ψ

0
P̂0
φ̂0 // ̂¯P0 // 0
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5.2 Pairs of algebras
5.2.1 A particular case
Proposition 45. Let A be a ring a = (t) ⊆ A is a principal ideal, and we are
given the following commutative diagram
0 // J // _

Â{X} // B //
pi
0
0 // J¯ // Â{X} // B¯ // 0
where B and B¯ are formally finitely generated Â-algebras, X = {x1, . . . , xn}, J
and J¯ the corresponding ideals, and pi is surjective. Assume that B and B¯ are
formally smooth over the complement of V (â) and additionally we have
1. (J/J2)t is a free Bt-module of rank d;
2. (J¯/J¯2)t is a free B¯t-module of rank d¯;
3. (J¯/J¯2)t = J/J
2⊗B B¯t⊕D, where D is a free B¯t-module of rank k = d¯−d.
Then there exist a surjective homomorphism of A-algebras pi0 : D → D¯, and
isomorphisms ϕ : B → D̂ and ψ : B¯ → ̂¯D such that D and D¯ are smooth over
the complement of V (a) and the following diagram is commutative
B
pi //
ϕ
    
  
  
  
B¯ //
ψ
    
  
  
  
0
D̂
pi0 // ̂¯D // 0
D
pi0 //
OO
D¯ //
OO
0
Proof. Firstly, we explicitly choose some “good” generators of ideals J and J¯ .
We take the generators
J = (f1, . . . , fd, fd+1, . . . , fm)
J¯ = (f1, . . . , fm, g1, . . . , gk, gk+1, . . . , gs)
such that the images of f1, . . . , fd form the basis of (J/J
2)t and the images of
g1, . . . , gk form the basis of D. So, we have
(J/J2)t = (f1, . . . , fd)t
(J¯/J¯2)t = (f1, . . . , fd, g1, . . . , gk)t
Therefore, there exist elements e ∈ J and q ∈ J¯ and a natural h such that
Jt = (f1, . . . , fd, e)t
J¯t = (f1, . . . , fd, g1, . . . , gk, q)t
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and
e2 = the (mod f1, . . . , fd) in Â{X}
q2 = thq (mod f1, . . . , fd, g1, . . . , gk) in Â{X}
The condition (1) implies that there is a natural h′ such that
th
′
∈ △d(f1, . . . , fd).
Enlarging h or h′, we can assume that h = h′. The conditions (2) and (3) imply
that there exists a natural h′ such that
th
′
∈ △d+k(f1, . . . , fd, g1, . . . , gk).
Again, we can assume that h = h′.
Now, we consider the following relations on fi, gi, e, q:
Φ1 = e
2 − the+ a1f1 + . . .+ adfd
Φ2 = q
2 − thq + b1f1 + . . .+ bdfd + c1g1 + . . .+ ckgk
Kj = t
hfd+j + uj1f1 + . . .+ ujdfd + uie
Lj = t
hgk+j + wj1f1 + . . .+ wjdfd + vj1g1 + . . .+ vjkgk + viq
We take A[X ]h, that is, the henselization of A[X ] with respect to ideal a[X ],
and denote by a[X ]h the corresponding ideal in A[X ]h. We define the following
algebra
D = A[X ]h[Fi, Gi, E,Q,Ai, Bi, Ci, Uij , Vij ,Wij , Ui, Vi]/(Φ1,Φ2,Kj , Lj)
where we use capital letters to denote the corresponding indeterminates. The
system of equations Φ1,Φ2,Kj, Lj will be denoted by Σ. Also we set
D¯ = Â{X} ⊗A[X]h D.
The elements fi, gi, e, q, etc. give a section ε¯ : D¯ → Â{X}. Let us show that
th(m+s−d−k+2) ∈ ε¯
(
HD¯/Â{X}
)
For we show that
th(m+s−d−k+2) ∈ ε¯
(
△m+s−d−k+2(Σ)
)
Indeed, the Jacobian matrix of Σ at fi, gi, e, q, etc. is the following
fd+j gk+j e ai q bi ci other indeterminates
Φ1 0 0 2e− t
h fi 0 0 0 *
Φ2 0 0 0 0 2q − t
h fi gi *
K1 0 0 * 0 0 0 0 *
Kj t
h 0 * 0 0 0 0 *
Km−d 0 0 * 0 0 0 0 *
L1 0 0 0 0 * 0 0 *
Lj 0 t
h 0 0 * 0 0 *
Ls−k 0 0 0 0 * 0 0 *
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Therefore, we have the following inclusion
th(m−d)(2e− th, fi)t
h(s−k)(2q − th, fi, gj) ⊆ ε¯
(
△m+s−d−k+2(Σ)
)
,
where 1 6 i 6 d and 1 6 j 6 k. Now, by the choice of e, we have
(2e− th)(2e − th) = t2h (mod f1, . . . , fd) in Â{X}
Therefore, t2h ∈ (2e − th, fi). Absolutely analogous calculation shows that
t2h ∈ (2q − th, fi, gj) and we get what we need.
By Theorem 2 bis of [3], the section ε¯ can be approximated by a section
ε : D → A[X ]h modulo an for any sufficiently large n. We denote the corre-
sponding elements by the same letters with upper index 0, that is, f0i , g
0
i , e
0, q0,
etc. and define the following ideals and algebras
J0 = (f01 , . . . , f
0
m, e
0) ⊆ A[x]h J¯0 = (f01 , . . . , f
0
m, e
0, g01 , . . . , g
0
s , q
0) ⊆ A[x]h
B0 = A[X ]h/J0 B¯0 = A[X ]h/J¯0
Because of the choice of f0i and e
0, we have
△d(f01 , . . . , f
0
d ) = △
d(f1, . . . , fd) (mod â
n
{X})
If n > h, then th belongs to the left-hand part. Similarly, we get that th belongs
to △d+k(f01 , . . . , f
0
d , g
0
1 , . . . , g
0
k). Because of Kj and Lj , we see that
J0t = (f
0
1 , . . . , f
0
d , e
0)t and J¯
0
t = (f
0
1 , . . . , f
0
d , g
0
1 , . . . , g
0
k, q
0)t
Since e0/th is idempotent modulo (f0i ) and q
0/th is idempotent modulo (f0i , g
0
j ),
the algebrasB0 and B¯0 are smooth over the complement of V (a) by the Jacobian
criterion [5, Theorem 22.6.1].
By definition, we have a natural surjection pi0 : B0 → B¯0, and the following
diagram is commutative
B0
pi0 //
αn

B¯0 //
α¯n

0
B0/ anB0
pi0n // B¯0/ an B¯0 // 0
B/ anB
pin // B¯/ an B¯ // 0
where pin is induced by pi, pi
0
n is induced by pi
0, and the vertical maps αn and
α¯n are the quotient maps. Then, by Proposition 40, there exists isomorphisms
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α : B0 → B and α¯ : B¯0 → B¯ such that the following diagram is commutative
B̂0
ψ //
α
xxq q
q q
q q
q

̂¯B0

β
xxq q
q q
q q
q
B
φ //

B¯

B0/ a
n−2hB0
ψn−2h //
αn−2h
xxqqq
qqq
qqq
q
B¯0/ a
n−2h B¯0
βn−2h
xxqqq
qqq
qqq
q
B/ an−2hB
φn−2h // B¯/ an−2h B¯
Algebras B0 and B¯0 are quotients of A[X ]h by some finitely generated ideals.
Also, expressing th as an element of the ideals
△d(f01 , . . . , f
0
d ) and △
d+k(f01 , . . . , f
0
d , g
0
1 , . . . , g
0
k)
we use finitely many elements of A[x]h. So, we can take a strictly e´tale extension
A[X ]0 of A[X ] containing all these elements and solutions of Σ in A[x]h. Then
the required algebras are
D = A[X ]0/
(
J0 ∩A[X ]0
)
and D¯ = A[X ]0/
(
J¯0 ∩ A[X ]0
)
and the map pi0 : D → D¯ is the natural quotient map.
5.2.2 Reduction of the general case
If we are given a ring A with an ideal a, B is an a-adically complete A-algebra,
andM is a B-module. Then the symmetric algebra ofM over B will be denoted
by SB(M). The completion of SB(M) in the topology generated by a will be
denoted by SB{M}.
Lemma 46. Let A be a ring, a ⊆ A an ideal, and we are given two A-algebras
B and C together with two homomorphisms Φ,Ψ: B → C over A such that
1. B is aB-adically complete;
2. C is aC-adically complete;
3. Ψ is an isomorphism;
4. Im γ ⊆ aC, where γ = Φ−Ψ.
Then Φ is also an isomorphism.
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Proof. To prove the result, we should show that Φ = Ψ+ γ has an inverse map.
We define
ϕ = Ψ−1 ◦ γ : B → B
and we have Φ = Ψ ◦ (IdB + ϕ). It is enough to show that IdB + ϕ is an
invertible homomorphism of A-modules. Since Ψ−1 is also an A-homomorphism,
Imϕ ⊆ aB. The ring B is aB-adically complete and, for any element x ∈ B,
ϕ(x) ∈ aB. Therefore, the element
ξ(x) =
∞∑
n=0
(−1)nϕn(x)
is well-defined. Since Φ, Ψ, and Ψ−1 are A-homomorphisms, they are continu-
ous. Therefore, the map ϕ is also continuous. Now, an easy calculation shows
that ξ = (IdB + ϕ)
−1.
Lemma 47. Let A be a ring and a ⊆ A an ideal, and B is a finitely generated
A-algebra such that its completion B̂ is smooth over the complement of V (â).
Then there exists an s ∈ a such that B1+s is already smooth over the complement
of V (a).
Proof. We represent algebra B as the following quotient A[x]/J , where x =
{x1, . . . , xn} is a finite set of indeterminates. Let us denote the localization
B1+aB by B
′ and J1+aB by J
′. Then we have the following sequence of homo-
morphisms B → B′ → B̂, and the following exact sequence
0→ Ĵ ′ → Â{x} → B̂ → 0
Thus, by Lemmas 3 and 9, we have
HB′/A = annB
(
HomB′
(
J ′/J ′2, J ′/J ′2
)
/HomA[x]
(
ΩA[x]/A, J
′/J ′2
))
H¯B̂/Â = annB̂
(
HomB̂
(
Ĵ ′/Ĵ ′
2
, Ĵ ′/Ĵ ′
2
)
/HomÂ{x}
(
Ωs
Â{x}/Â
, Ĵ ′/Ĵ ′
2
))
Since B̂ = B̂′ is a faithfully flat B′-module and the modules J ′/J ′2 and ΩA[x]/A
are finitely generated, we have
H¯B̂/Â = HB′/A ⊗B′ B̂ = HB′/AB̂
and
B′ ∩ H¯B̂/Â = HB′/A.
Formal smoothness of B̂ over the complement of V (â) means that, for some h,
ah ⊆ H¯B̂/Â. Therefore, a
h ⊆ HB′/A. The ideal a
h is finitely generated, hence,
there is an element s ∈ a such that ah ⊆ HB1+s/A.
Lemma 48. Let A be a ring, a = (t) ⊆ A a principal ideal, and we are given a
surjective homomorphism B → B¯ of a-adically complete Â-algebras. Let P and
P¯ be finite modules over B and B¯, respectively, such that
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1. There is a surjective homomorphism of B-modules P → P¯ ;
2. Pt is Bt-projective;
3. P¯t is B¯t-projective.
Suppose that there exist a surjective homomorphism of finitely generated A-
algebras C → C¯ together with isomorphisms ϕ′ : SB{P} → Ĉ and ψ
′ : SB¯{P¯} →
C¯ such that Ct and C¯t are At-smooth and the following diagram is commutative
SB{P} //
ϕ′
||③③
③③
③③
③③
③
SB¯{P¯} //
ψ′
||③③
③③
③③
③③
③
0
Ĉ // ̂¯C // 0
C //
OO
C¯ //
OO
0
Then there exist a surjective homomorphism of finitely generated A-algebras
D → D¯ together with isomorphisms ϕ : B → D̂ and ψ : B¯ → ̂¯D such that Dt
and D¯t are At-smooth and the following diagram is commutative
B //
ϕ
    
  
  
  
B¯ //
ψ
    
  
  
  
0
D̂ // ̂¯D // 0
D //
OO
D¯ //
OO
0
If additionally, B and B¯ are formally smooth over the complement of V (â), the
algebras Dt and D¯t are At-smooth.
Proof. Let us note that, by Lemma 47, it is enough to show the existence of
such algebras D and D¯ without showing the smoothness condition. Now, we
denote SB{P} and SB¯(P¯ ) by R and R¯, respectively, R ⊗B P and R¯ ⊗B¯ P¯ by
M and M¯ , respectively.
From Corollary 44, it follows that we can replace C and C¯ by some e´tale
extensions such that, for some finite C-module M0, some finite C¯-module M¯0,
and a surjective homomorphism φ0 : M0 → M¯0, there are isomorphisms ϕ : M →
M̂0 and ψ : M¯ →
̂¯M0 such that the following diagram is commutative
M //
ϕ

M¯ //
ψ

0
M̂0
φ̂0 // ̂¯M0 // 0
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The homomorphism φ0 induces the following surjective homomorphism of
rings
SC(M0)→ SC¯(M¯0)→ 0
We can write down the following sequence of isomorphisms for their completions
̂SC(M0)
ν

//

̂SC¯(M¯0)
ν¯

//

0
SĈ{M̂0}
//
SĈ{ϕ}

S ̂¯C{
̂¯M0} //
S ̂¯C{ψ}

0
SR{M} //

SR¯{M¯} //

0
R̂⊗B R // ¯̂R⊗B¯ R¯ // 0
where the vertical arrows are isomorphisms over Â. Then the product maps
pr : R ⊗B R→ B and pr : R¯⊗B¯ R¯→ R¯
induce the corresponding homomorphisms on the completions and, thus, give
the following commutative diagram
R̂⊗B R //
pr

¯̂R⊗B¯ R¯ //
pr

0
R // R¯ // 0
So, we have the following commutative cube
SR{M̂0} //
Ψ
||①①
①①
①①
①①
①
SR¯{
̂¯M0} //
Ψ¯
{{①①
①①
①①
①①
①①
0
R // R¯ // 0
SC(M0) //
OO
SC¯(M¯0) //
OO
0
C //
OO
C¯ //
OO
0
where Ψ = pr ◦ ν and Ψ¯ = pr ◦ ν¯. By Corollary 29, for any natural number
n, we can replace C and C¯ by some e´tale extensions such that there exist
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homomorphisms Φ: SC(M0) → C and Φ¯: SC¯(M¯0) → C¯ such that Φ and Φ¯
coincide with Ψ and Ψ¯ modulo an and the square
SC(M0) //
Φ

SC¯(M¯0) //
Φ¯

0
C // C¯ // 0
is commutative. For our purpose, it is enough to take n = 1. By construction,
the restrictions of Ψ and Ψ¯ to SB{M̂0} and SB¯{
̂¯M0}, respectively, induce iso-
morphisms onto R and R¯, respectively. Since Φ and Φ¯ coincide with Ψ and Ψ¯
modulo an, by Lemma 46, the restrictions of Φ̂ and ̂¯Φ to the same subrings are
also isomorphisms. Denoting this restrictions by the same names, we get the
following commutative diagram
SB{M̂0} //
pi

Φ̂
xxrrr
rrr
rrr
rrr
SB¯{
̂¯M0} //
p¯i

̂¯Φ
xxrrr
rrr
rrr
rrr
0
R //
p

R¯ //
p¯

0
B //
Φ′
yyrrr
rr
rr
rr
r B¯
//
Φ¯′
xxrrr
rr
rr
rr
r 0
̂C/Φ(M0) // ̂C¯/Φ¯(M¯0) // 0
where pi and p¯i are the quotient maps by the ideals generated by M̂0 and
̂¯M0,
respectively, p and p¯ are the quotient maps by the ideals generated by Φ̂(M̂0)
and ̂¯Φ(̂¯M0), respectively, and Φ′ and Φ¯′ are the isomorphisms induced by Φ̂ and̂¯Φ, respectively. We set
D = C/Φ(M0) and D¯ = C¯/Φ¯(M¯0).
Now, if B and B¯ are formally smooth over the complement of V (â), then by
Lemma 47, we can suppose that their algebraizations D and D¯ are also smooth
over the complement of V (a).
Theorem 49. Let A be a ring, a = (t) ⊆ A a principal idea, and we are given a
surjective homomorphism B → B¯ of formally finitely generated Â-algebras such
that B and B¯ are formally smooth over the complement of V (â). Then there
exist a surjective homomorphism D → D¯ of finitely generated A-algebras being
smooth over the complement of V (a) and two isomorphisms ϕ : B → D̂ and
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ψ : B¯ → ̂¯D such that the following diagram is commutative
B //
ϕ
    
  
  
  
B¯ //
ψ
    
  
  
  
0
D̂ // ̂¯D // 0
D //
OO
D¯ //
OO
0
Proof. Using Lemma 48, we will reduce this theorem to Proposition 45.
Firstly, we present algebras B and B¯ as quotients of a ring of the form Â{x},
where x = {x1, . . . , xn} is a finite set of indeterminates, as follows
0 // J //

Â{x} // B //

0
0 // J¯ // Â{x} // B¯ // 0
Considering J¯/J¯2 as a B module, we find an epimorphism Bm → J¯/J¯2. By
Lemma 48, we can replace the homomorphism B → B¯ → 0 by the homomor-
phism SB{B
m} → SB¯{J¯/J¯
2} → 0. So, we may assume that Ωs
B¯/Â
is free over
the complement of V (â) of some rank d¯.
Again by Lemma 48, we can replace B → B¯ → 0 by the composition
SB{J/J
2} → B → B¯ and assume that Ωs
B/Â
is free over the complement of
V (â) of some rank d.
If we present our algebras in the form
B = B{t1, . . . , ts}/ (t1, . . . , ts) and B¯ = B¯{t1, . . . , ts}/ (t1, . . . , ts) ,
where s > max
(
d, d¯
)
. Then, repeating the proof of Lemma 3 of [3] with Ωs
instead of Ω, we can assume that the modules (J/J2)t and (J¯/J¯
2)t are free over
Bt and B¯t, respectively.
Now, we write down the second fundamental sequence for both algebras with
respect to the chosen representations and restrict it to the complement of V (â).
0 //
(
J/J2
)
t

// Ωs
Â{z}/Â
⊗Â{z} Bt

//
(
Ωs
B/Â
)
t

// 0
0 //
(
J/J2
)
⊗B B¯t _

// Ωs
Â{z}/Â
⊗Â{z} B¯t
// Ωs
B/Â
⊗B B¯t

// 0
0 //
(
J¯/J¯2
)
t
// Ωs
Â{z}/Â
⊗Â{z} B¯t
//
(
Ωs
B¯/Â
)
t
// 0
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Here z = {z1, . . . , zn} is the set of indeterminates such that J/J
2 and J¯/J¯2
are free over the complement of V (â). All these sequences are split exact. In
particular, (
J¯/J¯2
)
t
=
(
J/J2
)
⊗B B¯t ⊕D
If we replace B → B¯ → 0 by the composition B{t1, . . . , ts} → B → B¯, where
s is greater than the rank of (Ωs
B¯/Â
)t, we may assume that D is free over the
complement of V (â). This case is done by Proposition 45.
5.3 Algebraization of a divisor
Lemma 50. Let A be a ring, a ⊆ A an ideal, B a finitely generated A-algebra,
and I is an ideal of B. Assume that the ideal Î is invertible in B̂, where the hat
means the a-adic completion. Then there exists an element s ∈ a such that the
ideal I1+s is invertible in B1+s.
Proof. Let us denote the algebra B1+aB by B
′ and I1+aB by I
′. Then we have
the following sequence of homomorphisms B → B′ → B̂. By Theorem 4 of [2,
Chapter II, Section 6], the ideal I is invertible if and only if I is projective and
contains a non-zero divisor.
1) We will prove that I ′ is invertible. Firstly, we will show that I ′ contains a
non-zero divisor. Since Î = I ′B̂, it is enough to show that, if I ′ consists of zero
divisors only, then I ′B̂ also consists of zero divisors. In this case, I ′ belongs to
some associated prime p ⊆ B′ and p = annB′(x) for some x ∈ B
′. Since B̂ is
flat, we have
pB̂ = annB′(x)⊗B′ B̂ = annB̂(x).
In particular, pB̂ consists of zero divisors.
Secondly, we will show that I ′ is projective. Indeed, the ideal Î is projective,
thus, flat. Since aB′ belongs to the radical of B′, B̂ is faithfully flat. But
Î = I ′B̂ = I ′ ⊗B′ B̂.
Hence, I ′ is flat. Since I ′ is finitely generated and B′ is Noetherian, I ′ is
projective.
2) Now, we will show that there is some s ∈ aB such that I1+s is invertible
in B1+s. Firstly, we will show that I1+s contains a non-zero divisor for some
s. If a′ ∈ I ′ is a non-zero divisor in B′, then, there are an s1 ∈ aB and a ∈ I
such that (1 + s1)a
′ = a. The annihilator of a in B is finitely generated and is
equal to zero in B′. Therefore, there is an element s2 ∈ aB such that a is not
a zero divisor in B1+s2 . Thus element a ∈ I(1+s1)(1+s2) is the required non-zero
divisor.
Secondly, we will show that, for some s ∈ aB, the ideal I1+s is projective
B1+s-module. By Lemma 17, it is enough to show that (B/HI)1+s = 0 for some
s ∈ aB. We can represent I as follows
0→ K → F → I → 0
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where F is a free finitely generated A-module. Then by Corollary 15, we have
HI = annB(Ext
1
B(I,K))
But I ′ is projective B′-module, hence HI′ = B
′. Since our modules are finitely
generated over Noetherian ring, localization commutes with annihilators and
Ext. Thus, (B/HI)1+aB = 0. Hence, there is an element s3 ∈ aB such that
(B/HI)1+s3 = 0. Now, we should localize by the product
(1 + s1)(1 + s2)(1 + s3).
Theorem 51. Let A be a ring, a = (t) ⊆ A a principal ideal, B¯ is a formally
finitely generated Â-algebra being formally smooth over the complement of V (â).
Assume that we are given an invertible ideal I¯ ⊆ B¯ such that the quotient B¯/I¯
is formally smooth over the complement of V (â). Then there exist a finitely
generated A-algebra B and an invertible ideal I ⊆ B such that B̂ = B¯ and
IB̂ = I¯. Moreover, algebras B and B/I are smooth over the complement of
V (a).
Proof. Applying Theorem 49 to the homomorphism B¯ → B¯/I¯, we get the fol-
lowing commutative diagram
B¯
pi //
ϕ
  ✁✁
✁✁
✁✁
✁✁
B¯/I¯ //
ψ
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
0
D̂
φ̂ // D̂′ // 0
D
φ //
OO
D′ //
OO
0
where pi is the quotient map, D and D′ are finitely generated A-algebras being
smooth over the complement of V (a), and the maps ϕ and ψ are Â-isomorphisms.
Now, we define J = kerφ. By Lemma 50, there is an element s ∈ aD such that
J1+s is invertible in D1+s. Now, the algebra B = D1+s and the ideal I = J1+s
satisfy the required conditions.
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